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Abstract 
It is known that under appropriate assumptions, each plane graph contains avertex of degree 
at most 5 and a pair of adjacent vertices with degree sum at most 13. Two structural 
assumptions are established fora plane graph which together guarantee the existence of a triple 
of pairwise adjacent vertices with restricted degree sum. As shown by constructions, if any of 
these assumptions is violated, the degree sum of each three pairwise adjacent vertices may be 
arbitrarily large. As for a quadruple of pairwise adjacent vertices, it can hardly be forced in 
a plane graph by means of any reasonable r strictions. 
1. Introduction 
All graphs considered in this paper are undirected and finite and have neither loops 
nor multiple edges. 
It is well known that each plane graph contains a vertex of degree at most 5, and if 
none of its vertices has degree less than 3, then there exist in it two adjacent vertices 
with degree sum at most 13. In this paper we prove that if, moreover, (a) there are no 
4-vertices, and (b) each face is of order 3, i.e. the graph is a triangulation, then there 
exist three pairwise adjacent vertices with restricted egree sum (namely, with the sum 
not greater than 29, with one of the vertices having degree 3, or otherwise with the sum 
at most 17). As will be shown by constructions, if any of conditions (a), (b) is violated, 
then the degree sum of every triple of pairwise adjacent vertices may be arbitrarily 
large. As for a quadruple of pairwise adjacent vertices, it can hardly be forced in 
a plane graph by means of any reasonable restrictions. 
Let N be the set of plane graphs and Y be the subset of all triangulations in N. It is 
known that in each GsN there exists a vertex v of degree s(v) at most 5. In 1955, Kotzig 
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[6] proved that in each 3-connected plane graph there exist two adjacent vertices uch 
that the sum of their degrees does not exceed 13, the bound being sharp. The same 
statement is true under the weaker assumption that there are no vertices of degree less 
than 3, as conjectured by Erdds (see [4, p. 454]), announced without proof by Barnette 
(see [4, p. 468]), and found independently in [2]. In 1963, Kotzig [7] raised a similar 
question on determining the minimum degree sum of the vertices of a triangle in 
a graph G called the weight of G and denoted by w(G). 
Using Kotzig's notation [8], denote by Y4 the set of triangulations without 
4-vertices in J,, by g-7 of those without 3- and 4-vertices, and by g-9 of those without 
4- and 5-vertices. For each TeJ-9, Kotzig [7] proved that w(T)<~ 18 and conjectured 
that w(T)<<, 17. An example of the double n-pyramid (two vertices are joined with all 
the vertices of an n-cycle on the plane) shows that in 5- the weight is unbounded, see 
[7]. Observe that in the double n-pyramid there are no 3-vertices, whereas 4-vertices 
are present (in fact, all but two vertices are of degree four). 
As was proved by Kotzig [8], already in J4 an upper bound for w(T) does exist [8]; 
in other words, nothing else but the 4-vertices are responsible for the absence of light 
triangles in triangulations. More specifically, Kotzig [8] announced the following 
results: w(T)~<39 if TE~--4, and w(T)~<31 if T~Y 9. In the same paper [8], he also 
announced the existence of such Te~ that w(T)=29, and raised the problem of 
finding sharp upper bounds for w(T) in ~--, and g-9- Eventually, as stated in [8] and 
proved in [1], w(T)<~ 17 if TE~-7, and, as proved in [3], w(T)~<29 if Te3-4. 
The purpose of the present note is to prove the following strengthening of these 
results. 
Theorem. In any plane triangulation without 4-vertices, there exists either a trianole 
whose weight does not exceed 29 and which is incident with a 3-vertex, or a triangle of 
weight at most 17. 
Notice that w(To)=17 for all triangulations To in :-7 in which 5-vertices are 
not adjacent. Recall that the subdivision of a face f is the insertion of a new vertex 
into f followed by joining it to all the boundary vertices. It is clearly seen that by 
twice subdividing the faces of our To, we obtain a triangulation T* with 
w(T*)=3+2.(3+2.5)=29.  Thus, the bound 29 for w(T) is attained already in 
In [1], it was proved that every plane graph having minimum degree 5 contains 
a triangle with weight at most 17. This is an extension of the result announced by 
Kotzig in [8]. Another consequence is the confirmation of Grfinbaum's conjecture 
[5], in 1975, on the cyclic 11-connectivity of the 5-connected plane graphs. Already 
earlier, in 1972, Plummer [9] proved that each 5-connected plane graph is cyclically 
13-connected. 
The situation is different as far as the theorem in the present ote is concerned: the 
conclusion of it may be invalid for non-triangular plane graphs without 4-vertices. 
Indeed, construct a plane graph without 4- and 5-vertices in which every triangle has 
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arbitrarily large weight in the following way. For any integer t > 2 take a 2t-prism with 
the bases UlU2...u2r and vlv2...v2, and the vertical edges u~vl where l<<.i<~2t. 
Subdivide each base, contract he edges uz~v2t, and remove the edges u2~_ lV2~-1 for all 
1 ~< l ~< t. It is evident hat each triangle is now incident with a 3-, a 6-, and a 2t-vertex. 
So, neither the bounds of our theorem can be strengthened, nor can either of its 
assumptions be omitted. Therefore, the question in the title on the existence of light 
triangles and their possible weight is in a sense completely settled. 
2. Proof of the main result 
Let T be a counterexample to our theorem. Since T does not contain loops and 
multiple edges and T is not a tetrahedron graph, 3-vertices in T are clearly 
not adjacent o each other. At first we construct, starting with T, a counterexample 
T* in which 
no 5-vertex is adjacent o two 3-vertices. (*) 
The following notation will be used below: if v is a vertex, then vl, v2 ..... V~v) are 
the vertices adjacent o v in a cyclic order. 
Suppose s(v) = 5 and s(vO = s(v3) = 3. Observe that since the weight of each face in 
T incident with a 3-vertex is at least 30 by assumption, we have s(v4)>~ 30-5 -  3 = 22 
and s(vs)>~ 22. Therefore, subdividing theface [vvgvs], we do not create faces of weight 
less than 3+(5+1)+(22+1)>29,  whereas the weight of the old faces does not 
decrease. It follows that the graph obtained in this way is again a counterexample and 
has less 5-vertices than T. 
So, in a finite number of steps a counterexample T* satisfying (.) will be obtained. 
Euler's formula 
]V]-]E[+[F[=2 
for T* may be rewritten as 
(s (v) -6)= - 12. (1) 
vEV(T*) 
Each 3-vertex v contributes c(v )=s(v ) -6=-3  to the left-hand side of (1), a 5- 
vertex contributes 5 -6=-  1, while the contributions of the other vertices are 
obviously non-negative. We intend, using the properties of T*, to redistribute the 
contributions c(v) such that (i) the modified contribution c'(v) of each vertex v
becomes non-negative, and (ii) the sum of the modified contributions stays still - 12, 
thus yielding an obvious contradiction. 
What we are doing below is known in graph theory under the name of a discharging 
process, being a powerful approach to investigating the structure and colouring 
properties of plane graphs. In fact, it is a proof by contradiction. Informally speaking, 
each vertex is assigned a contribution (a charge) the total of which is - 12. The vertices 
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having negative initial contribution, that is those of degree 3 or 5, take portions of 
positive contributions from the neighbour vertices of major degrees. The trick is to 
manage to make the new contribution of each vertex non-negative, with the total 
being preserved. An obvious contradiction 0 ~< Y~ ~< - 12 then settles the matter. Thus, 
the general framework of our proof is rather simple. All the difficulty consists in 
finding appropriate rules of redistribution, based on the structure of T*, and in 
verifying non-negativity of the new contribution of all vertices. 
The first stage of our redistribution is to execute for each 3-vertex v the following. 
Rule 1. Assume s(v)= 3. Clearly, at most one of vl may have degree not more than 10, 
since every face of T* incident with a 3-vertex has weight at least 30; assume s(v~)<~ 10. 
If s(vl)=5, then v takes 3/2 from each of v2 and v3. If 6~<s(vl)~<10, then v takes 
(S(Vl)-6)/Ls(vt)/2 j from vl and (3-(S(Vl)-6)/Ls(vl)/ZJ)/2 from each of/)2 and v3. 
Eventually, if s(v3>>, 11 for all i~<3, then v takes 1 from each of Vl, v2, and/)3- 
We declare that for all 3-vertices v, the modified contribution c'(v) is now com- 
pletely determined. One can easily see that for each of them c'(v)= 0. Then, for each 
5-vertex we execute the following. 
Rule 2. Assume s(v)= 5 and w is adjacent o v, say w= v2. Then v takes from w the 
following amount: 1/3 if s(v2)=7; 1/4 if either s(v2)~>8, s(vl)=5, and s(v3)=5, or 
s(v2)~>8, s(v0=3,  and s(v3)=5; 3/8 if either s(v2)>~8, s(vt)=5, and s(v3)>5, or 
s(v2)~>22, s(vl)=3, and s(v3)> 5; 1/2 if s(v2)~>8, s(v0>5, and s(v3)> 5. 
Now c'(v) is declared to be completely determined for all v~ V(T*). Almost all the 
rest of our proof consists in verifying c'(v)>t 0 when s(v)>~ 5. Consider the case s(v)= 5. 
If v is adjacent o two minor vertices (i.e. those of degree 3 or 5), say v2 and v5, then 
S(Va)~>8, s(v3)>~ 8, and s(v4)~> 8 since there are no faces of weight less than 18 in T*. It 
follows that v receives 1/4 from vl and 3/8 from each of v3 and v4, which yields 
c ' (v )=-  1 + 1/4+2-3/8=0.  If'v is adjacent o exactly one minor vertex, say vl, then 
similarly s(v2)~> 8, s(vs)~> 8, and at least one of v3, v4, say v3, has degree not less than 7; 
therefore c'(v)/> - 1 + 1/3 + 2" 3/8 > 0. At last, if v is adjacent to no minor vertices, then 
since v cannot be adjacent o more than two 6-vertices, it is adjacent o at least three 
vertices of degree at least seven and we have c'(v)>~ - 1 +3.1 /3=0:  
Since 6-vertices v do not actually participate in the modification of contributions, 
they certainly have c'(v)=c(v)=O. If s(v)=7, then v transfers 1/3 to some of its 
neighbours which are pairwise non-adjacent, i.e. whose number is at most [_ 7/2 J = 3. It 
follows c ' (v)~>1-3.1/3=0.  For s(v)=8, a brief case analysis similarly shows that 
v transfers at most 2 in total; hence c ' (v)~>2-2=0. 
Observe that if 9~<s(v)~<21, then according to Rules 1 and 2, v may transfer 
something either to isolated 3-vertices from its vicinity W(v)= [vlv2 ... vstv~] (i.e. to 
3-vertices v2 such that s(vl)/> 6 and s(v3)~> 6), or to chains consisting of 5-vertices (i.e. 
to 5-vertices v2, v3 ..... vt such that s(vl)~> 6 and s(vt + 1)>I-6 where subscripts are taken 
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modulo s(v)). Evidently, the chains of 5-vertices take relatively little from v as 
compared to 4-vertices. Let us attach more precise meaning to this observation. 
Denote by M those vertices of W(v) which have degree at least 6. It is clear that the 
chain M55M takes 2.3/8 = 3/4 from v, i.e. not more than the chain M3MM. Similarly, 
the chain M555 ... M takes not more from v than the chain M3M3 ... M of the same 
length. Therefore the worst case is one in which minor vertices of W(v) are isolated. 
But in this case their number is at most Ls(v)/2A, and each takes not more than the 
following amount q(v) from v: 
s(v) 9 10 11-16 17 18 19 20 21 
q(v) 3/4 4/5 1 11/10 9/8 5/4 4/3 3/2 
Now a direct computation shows that if 9 <~s(v)<~ 21, then s(v)-6 >~q(v).Ls(v)/2 J, 
that is c'(v)>~O. 
Assume from now on that s(v)>~ 22. Notice that although 3-vertices may be adjacent 
to 5-vertices in W(v), there are no chains 353 (due to the definition of T*) and 535 
(since otherwise there would be a face of the weight 5+3+5= 13). To simplify our 
arguments we may again suppose that in W(v) there are no non-trivial chains of 
5-vertices bounded from both sides by M-vertices. Our next purpose is to determine 
which shortest irreducible chains consisting of minor vertices may include the chain 
35. (By reduction we mean substitution of a chain C consisting of minor vertices and 
bounded by M-vertices, by a chain of the same length with fewer minor vertices and 
also bounded by M-vertices, which takes not less from v than C.) As it was already 
pointed out, next to the left from 3 in them should stand M. The context M35M will 
be called C 1. In all other contexts, next to the right from 5 is again 5, and we have 
M355, that may in turn be extended in the following three ways: M3553M, M3555, 
and M355M. The first of these contexts will be called C2; the third may be majorated 
by the chain M363M of the same length, 2.3/2 > 3/2 + 1/4 + 3/4, and excluded from 
further consideration. The second variant clearly has two subvariants: M355... 53M 
and M355...5M; it is easily seen that each of them is majorated by the chain 
M3636... M of the same length. 
So in our looking for the most expensive W(v), we may restrict our consideration to 
such W(v) in which every minor vertex belongs to one of the following contexts: M3M 
(=cO), M35M (=C 1) and M3553M (= C2). 
To facilitate the estimation of the total possible expense of v for s(v) >7 22, which is 
a crucial point of our proof, we employ an averaging argument. First, let us try to 
explain the idea. Thus our W(v) consists of entries of C °, C 1, and C 2 separated by 
M-vertices. Each context C ~ redistributes its total amount obtained from v as follc~ws: 
3/4 to each inner (minor) vertex and 3/8 to each bounding M-vertex. Thus, each 
M-vertex u in W(v) indirectly obtains from v either 3/4 = 2.3/8 if u is a common 
boundary vertex for two neighbouring contexts, or 3/8 or 0. Anyway, each vertex of 
W(v) has at most 3/4 from v in such a way. On the other hand, C °, C a, and C 2 have 
non-positive residues, namely, 0, -3 /8 ,  and -1 /4 ,  respectively. It follows that the 
total expenditure of v is at most 3s(v)/4, which is not greater than s(v)-6 for s(v)>~ 24, 
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and we are done. In the cases s(v)=22 and 23, we note that if in W(v) there 
are at least two M-vertices taking less than 3/4 each, then the excess of 3s(v)/4 
over s(v) -6  is already exhausted. At the end, we obtain for s(v)= 22 a regular picture 
of the alteration of M-vertices with minor ones, and complete with the parity 
arguments. 
Now return to the formal proof. Let each of the contexts C °, C a and C 2 transfer 3/8 
to each of its boundary M-vertices. Then each boundary vertex receives at most 
2-3/8 = 3/4. We shall estimate the deficiency, say D, of each of our contexts with 
respect to the level 3/4, which is the total over the vertices of the context at hand 
of their resulting contributions decreased by 3/4. For C z, the total income from 
v is 3 /2+1/4+1/4+3/2=7/2 ,  i.e. D(C2)=2.3/8+4.3/4-7 /2=1/4 .  Similarly, 
O(C 1) = 2.3/8 + 2.3/4 - 3/2 - 3/8 = 3/8. Observe that D(C °) >~ 0; moreover, D(C °) = 0 
if and only if the 3-vertex in this C o receives precisely 3/2 from v, that is we actually 
have C o = M36. Eventually, any M-vertex receives 3/4 if and only if it is a common 
boundary vertex of two neighbouring contexts. 
Now we are prepared to resolve the most difficult case s(v)=22. The initial 
contribution of v is c(v)= 16, whereas the theoretical upper bound for the total expense 
of v is 22-3/4 = 16 + 1/2. However, in fact v never transfers more than 16. First of all, if 
the packing of W(v) by the contexts C °, C 1, and C z is not dense, i.e. the boundary 
vertices of certain two neighbouring contexts do not coincide, then each of these two 
distinct boundary vertices receives at most 3/8 instead of the generally assumed 3/4, so 
that their total lack 2 - (3 /4 -3 /8 )=3/4  already exceeds the theoretical reserve of 1/2. 
Thus we may further restrict our consideration to the dense packings. As for those 
W(v) consisting entirely of C°'s, they clearly correspond to the case 
s(vl)=s(v3) . . . . .  s(v21)= 3. Ifs(vi)>>, 11 and s(vi+2)>~ 11 for some i, then Vi+l receives 
1 from v and transfers 2.3/8 = 3/4 to each of vi and vi + z in the course of our averaging 
procedure, so the deficiency of the context containing v~+ 1already equals our reserve 
of 1/2. Hence, we should only take care of such W(v) where min{s(v2z), S(Vz,+ 2)} ~< 10 
for each t~< 11. But if s(vzt)<~ 10, then s(vzt+z)>~ 30-10-3= 17 since v2t, vzt+ 1, and 
vzt + 2 obviously form a triangle where s(vz,+ 1)= 3. The last two properties are clearly 
incompatible with each other; therefore ither C 1 or C 2 must participate in W(v). But 
as distinct from C °, both these contexts are deficient, so that using already two of them 
exhausts our reserve of 1/2. It remains thus to analyse those dense packings in which 
precisely one entry of C 1 or C 2 is combined with several entries of C °, but such 
packings cannot exist due to parity reasons. 
If s(v)=23, then the theoretical reserve s(v) .3/4-(s(v)-6)equals 1/4; therefore any 
non-dense packing or any context C 1 or C z exhausts it. Again we are done due to 
parity reasons. If s(v)>~ 24, we have s(v) -6 ~ 3s(v)/4, which yields c'(v)>~O. 
Now we obtain a concluding contradiction to (1): 
0~< ~ c'(v)= ~. c(v)=--12.  
v~V(T*) wV(T*) 
This completes the proof of our theorem. 
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